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ABSTRACT 
A compu te r  s i m u l a t i o n  was c o n d u c t e d  t o  i n v e s t i -  
g a t e  t h e  e f f e c t s  o f  b o t h  l i n e a r  and p a r a b o l i c  t o o t h  
p r o f i l e  m o d i f i c a t i o n  o n  t h e  dynamic  r e s p o n s e  o f  low- 
c o n t a c t - r a t i o  s p u r  g e a r s .  
amount o f  m o d i f i c a t i o n  and  t h e  l e n g t h  o f  t h e  m o d i f i c a -  
t i o n  zone were s t u d i e d  a t  v a r i o u s  l o a d s  and speeds t o  
f i n d  t h e  o p t i m a l  p r o f i l e  m o d i f i c a t i o n  f o r  m i n i m a l  
dynamic l o a d i n g .  
D e s i g n  c h a r t s  c o n s i s t i n g  o f  n o r m a l i z e d  maximum 
dynamic l o a d  c u r v e s  were g e n e r a t e d  fo r  g e a r  systems 
o p e r a t e d  a t  v a r i o u s  l o a d s  and  w i t h  d i f f e r e n t  t o o t h  
p r o f i l e  m o d i f i c a t i o n .  
t i o n  can  be d e t e r m i n e d  from t h e s e  d e s i g n  c h a r t s  t o  
m i n i m i z e  t h e  dynamic l o a d s  o f  s p u r  g e a r  sys tems .  
NOMENCLATURE 
Cg 
C, damping c o e f f i c i e n t  o f  s h a f t ,  N-m-sec 
JL 
JM 
The e f f e c t  o f  t h e  t o t a l  
An op t imum p r o f i l e  m o d i f i c a - -  
damp ing  c o e f f i c i e n t  o f  g e a r  t o o t h  mesh, N-sec 
( 1 b-sec ) 
( i n . - l b - s e c )  
p o l a r  moment o f  i n e r t i a  o f  l o a d ,  kg-m2 
( i n . - l b - s e c z )  
p o l a r  moment o f  i n e r t i a  o f  motor, kg-m2 
( i n . - l b - s e c 2 )  
J 1  p o l a r  moment of 
J 2  p o l a r  moment o f  
Kd dynamic  f a c t o r  
( i n . - l  b-sec2)  
( i n .  1 b-sec2)  
n e r t i a  o f  g e a r  1 ,  kg-m2 
n e r t i a  o f  g e a r  2 ,  kg-m2 
Kg 
Ks 
s t i f f n e s s  o f  g e a r  t o o t h ,  N/m ( l b l i n . )  
s t i f f n e s s  o f  s h a f t ,  N-m/rad ( i n . - l b / r a d )  
Ln n o r m a l i z e 3  l e n g t h  o f  t o o t h  p r o f i l e  m o d i f i c a t i o n  
zone d e f i n e d  such t h a t  
from t o o t i  t i p  t o  HPSTC, measured a l o n g  t h e  l i n e  
of c o n t a c t .  
Ln = 1 . 0  i s  t h e  l e n g t h  
Rb base r a d i J s ,  mm ( i n . )  
TL 
TM t o r q u e  o n  motor, N-m ( i n . - l b )  
T f l  t o r q u e  o n  g e a r  1. N-m ( i n . - l b )  
Tf2 t o r q u e  on g e a r  2, N-m ( i n . - l b )  
t o rque .  o n  l o a d ,  N-m ( i n . - l b )  
Wn n o r m a l i z e 3  t o t a l  t r a n s m i t t e d  l o a d  
8 a n g u l a r  d i s p l a c e m e n t ,  r a d  
6 a n g u l a r  v e l o c i t y ,  r a d / s e c  
e a n g u l a r  a c c e l e r a t i o n ,  r a d / s e c 2  
A amount o f  p r o f i l e  m o d i f i c a t i o n  ( t h i c k n e s s  o f  
m a t e r i a l  removed from t i p  o f  i n v o l u t e  g e a r  
t o o t h ) ,  d e f i n e d  such t h a t  A = 1.0 i s  t h e  m i n i -  
mum amount o f  t i p  r e l i e f  recommended b y  We lbourn ,  
Pm 
INTRODUCTION 
One o f  t h e  m a j o r  c o n c e r n s  i n  t h e  d e s i g n  o f  power 
t r a n s m i s s i o n  g e a r s  i s  t h e  r e d u c t i o n  o f  g e a r  dynamic 
l o a d .  Research  o n  g e a r  n o i s e  and  v i b r a t i o n  has 
r e v e a l e d  t h a t  t h e  b a s i c  mechanism o f  n o i s e  g e n e r a t e d  
from g e a r i n g  i s  g e a r  box v i b r a t i o n  e x c i t e d  b y  t h e  
dynamic  l o a d .  V i b r a t i o n  i s  t r a n s m i t t e d  t h r o u g h  s h a f t s  
and  b e a r i n g s  t o  n o i s e - r a d i a t i n g  s u r f a c e s  o n  t h e  e x t e -  
r i o r  o f  t h e  g e a r  b o x .  Dynamic l o a d  c r e a t e s  c y c l i c  
b e n d i n g  s t r e s s e s  i n  t o o t h  r o o t s  w h i c h  can l e a d  t o  
f a t i g u e  f a i l u r e  as  w e l l  as c y c l i c  s u b s u r f a c e  s t r e s s e s  
w h i c h  can cause t o o t h  s u r f a c e  f a i l u r e  b y  p i t t i n g  and 
s c o r i n g .  The l i f e  and r e l i a b i l i t y  o f  a g e a r  t r a n s m i s -  
s i o n  i s  r e d u c e d  b y  h i g h  dynamic  l o a d .  M i n i m i z i n g  g e a r  
1 
dynamic l o a d  w i l l  dec rease  g e a r  n o i s e .  i n c r e a s e  e f f i -  
c i e n c y ,  i m p r o v e  p i t t i n g  f a t i g u e  l i f e ,  and h e l p  p r e v e n t  
g e a r  t o o t h  f r a c t u r e  ( 1 - 5 ) .  
p r a c t i c e  t o  r e d u c e  dynamic l o a d  f o r  i m p r o v e d  p e r f o r m -  
ance o f  a s p u r  g e a r  t r a n s m i s s i o n .  C u r r e n t  p r a c t i c e  i n  
g e a r  d e s i g n  i s  t o  m o d i f y  t h e  t o o t h  p r o f i l e  based  o n  
t h e  maximum a p p l i e d  t o r q u e ,  a l s o  c a l l e d  d e s i g n  t o r q u e .  
When a m o d i f i e d  g e a r  sys tem i s  o p e r a t e d  a t  o f f - d e s i g n  
t o r q u e ,  i t s  dynamic l o a d  may become s i g n i f i c a n t .  
Research  e f f o r t s  have been c o n d u c t e d  i n  t h i s  a r e a  
f o r  many y e a r s ,  y e t  t h e r e  i s  a l a c k  o f  s y s t e m a t i c  work 
l e a d i n g  t o  i n - d e p t h  u n d e r s t a n d i n g  o f  how t o o t h  p r o f i l e  
m o d i f i c a t i o n s  a f f e c t  t h e  dynamic r e s p o n s e  o f  a s p u r  
g e a r  t r a n s m i s s i o n  (1,4.6-9) .  
I f  t h e  c e n t e r  o f  t h e  d r i v e n  g e a r  i s  h e l d  f i x e d  
and  a t o r q u e  i s  a p p l i e d  a t  t h e  c e n t e r  o f  t h e  d r i v i n g  
g e a r ,  t h e  t e e t h  i n  c o n t a c t  and t h e  b o d i e s  of b o t h  
g e a r s  w i l l  deform.  T h i s  c o n d i t i o n  y i e l d s  a n  a n g u l a r  
d i s p l a c e m e n t  o f  t h e  c e n t e r  o f  t h e  d r i v i n g  g e a r  r e l a -  
t i v e  t o  t h e  f i x e d  f r a m e  o f  r e f e r e n c e  a t  t h e  c e n t e r  o f  
t h e  d r i v e n  g e a r .  The r e l a t i v e  a n g u l a r  d i s p l a c e m e n t  o f  
t h e  g e a r s  can  be c o n v e r t e d  t o  a l i n e a r  d i s p l a c e m e n t  
a l o n g  t h e  l i n e  o f  a c t i o n .  
ment  o f  t h e  d r i v i n g  g e a r  w i t h  r e s p e c t  t o  t h e  d r i v e n  
g e a r  a l o n g  t h e  l i n e  o f  a c t i o n  i s  d e f i n e d  as t h e  s t a t i c  
t r a n s m i s s i o n  e r r o r .  
i n  w h i c h  t h e  t o t a l  amount o f  t o o t h  p r o f i l e  m o d i f i c a -  
t i o n  and  t h e  l e n g t h  o f  t h e  m o d i f i c a t i o n  zone were sys- 
t e m a t i c a l l y  v a r i e d  t o  d e t e r m i n e  t h e i r  e f f e c t  o n  t h e  
s t a t i c  t r a n s m i s s i o n  e r r o r  and dynamic l o a d i n g  o f  s p u r  
g e a r s .  
s t u d i e d .  T h e i r  i n d i v i d u a l  i n f l u e n c e  and r e l a t i v e  s i g -  
n i f i c a n c e  o n  g e a r  dynamic l o a d  a r e  compared and 
d i s c u s s e d .  
t o r q u e  c a n  b e  o p t i m a l l y  m o d i f i e d  t o  m i n i m i z e  i t s  
dynamic  r e s p o n s e .  
o p e r a t e d  a t  o f f - d e s i g n  t o r q u e  or u n d e r  v a r i a b l e  l o a d -  
i n g  c o n d i t i o n s ,  d e s i g n  c h a r t s  d e s c r i b i n g  t h e  g e a r  
dynamic  l o a d  r e s p o n s e  due t o  d i f f e r e n t  p r o f i l e  m o d i f i -  
c a t i o n s  a r e  p r e s e n t e d .  The op t imum l e n g t h  and  amount 
o f  t o o t h  p r o f i l e  m o d i f i c a t i o n  may be d e t e r m i n e d  from 
t h e s e  d e s i g n  c h a r t s .  
THEORETICAL ANALYSIS 
M o d i f y i n g  g e a r  t o o t h  p r o f i l e  i s  a w i d e l y  used  
The t o t a l  r e l a t i v e  d i s p l a c e -  
T h i s  p a p e r  d i s c u s s e s  a computer  s i m u l a t i o n  s t u d y  
B o t h  l i n e a r  and p a r a b o l i c  m o d i f i c a t i o n s  were 
A g e a r  s e t  w h i c h  o p e r a t e s  a t  a c o n s t a n t  d e s i g n  
F o r  g e a r  sys tems  t h a t  a r e  t o  be 
The t h e o r e t i c a l  model assumes t h a t  a s i m p l e  s p u r  
g e a r  t r a n s m i s s i o n ,  w h i c h  c o n s i s t s  o f  a d r i v i n g  and a 
d r i v e n  g e a r s ,  two c o n n e c t i n g  s h a f t s ,  a motor, and a 
l o a d ,  can  b e  t r e a t e d  as a lumped-mass v i b r a t i o n  sys tem 
( F i g .  1 )  (10,111.  The m o t i o n  o f  t h e  s y s t e m  i s  e x p r e s s e d  
b y  t h e  f o l l o w i n g  s e t  o f  d i f f e r e n t i a l  e q u a t i o n s .  
JMdM + CSl(6M - 6 1 )  + K s l ( O ~  - 8 1 )  = TM 
J ld l  t c s 1 ( 6 1  - 6 ~ )  + K s l ( O 1  - 8M) + C g ( t )  
CRbl61 - Rb2621 t K g ( t )  [ R b l ( R b l e l  - R b 2 8 2 ) I  = T f l ( t )  
J282  + Cs2(62  - 6 ~ )  + K s 2 ( 0 2  - 8L) + C g ( t )  
cRb262 - Rb1611 + K g ( t )  [Rb2(Rb282 - R b l e l ) ]  = T f 2 ( t )  
J L ~ L  t Cs2 ( 6 ~  - 6 2 )  + K S ~ ( B L  - 8 2 )  = -TL 
Where 0 ~ .  0 1 ,  82 ,  and 0~ r e p r e s e n t  t h e  r o t a -  
t i o n s  o f  t h e  m o t o r ,  t h e  g e a r s ,  and t h e  l o a d ;  JM. J1, 
J 2 ,  and JL r e p r e s e n t  t h e  mass moments o f  i n e r t i a  
o f  t h e  m o t o r ,  t h e  g e a r s ,  and t h e  l o a d ;  C s l .  Cs2. and 
C g ( t )  a r e  damping c o e f f i c i e n t  o f  t h e  s h a f t s  and t h e  
g e a r s ;  K s l .  K,2. and K g ( t )  a r e  s t i f f n e s s e s  o f  t h e  
s h a f t s  and  t h e  mesh ing  t e e t h .  TM. TL, T f l ( t ) .  and 
T f z ( t )  a r e  m o t o r  and l o a d  t o r q u e s  and f r i c t i o n a l  
t o r q u e s  o n  t h e  g e a r s ;  Rb l  and Rb2 a r e  base c i r c l e  
r a d i i  o f  t h e  g e a r s ;  t i s  t.ime; and t h e  d o t s  o v e r  sym- 
b o l s  i n d i c a t e  t i m e  d i f f e r e n t i a t i o n .  
I n  d e v e l o p i n g  t h e  above e q u a t i o n s  s e v e r a l  simp1 i- 
f y i n g  a s s u m p t i o n s  were employed.  The dynamic p r o c e s s  
i s  d e f i n e d  i n  t h e  r o t a t i n g  p l a n e  o f  t h e  g e a r  p a i r ,  and 
t h e  c o n t a c t  be tween  g e a r  t e e t h  i s  assumed t o  be a l o n g  
t h e  t h e o r e t i c a l  l i n e  o f  a c t i o n .  Damping due t o  l u b r i -  
c a t i o n ,  e t c .  i s  e x p r e s s e d  as a c o n s t a n t  damping f a c t o r  
( r a t i o  o f  t h e  damping c o e f f i c i e n t  t o  t h e  c r i t i c a l  damp- 
i n g  c o e f f i c i e n t . )  From g e a r  r e s e a r c h  l i t e r a t u r e ,  t y p -  
i c a l  damp ing  f a c t o r s  o f  0.10 and 0.005 r e s p e c t i v e l y  
were chosen  f o r  t h e  t o o t h  mesh and and f o r  t h e  con- 
n e c t i n g  s h a f t s  ( 1 2  t o  1 4 ) .  
The s t i f f n e s s e s  and mass moments o f  i n e r t i a  o f  
t h e  s y s t e m  components were f o u n d  from t h e  f u n d a m e n t a l  
mechan ics  o f  m a t e r i a l s  p r i n c i p l e s .  The e q u a t i o n s  o f  
m o t i o n  c o n t a i n  t h e  e x c i t a t i o n  t e r m  due t o  p e r i o d i c  
v a r i a t i o n  o f  t h e  mesh s t i f f n e s s  and due t o  e r r o r s  
( s u c h  as s p a c i n g  or p r o f i l e  e r r o r s ) .  The mesh ing  
s t i f f n e s s  i s  a f u n c t i o n  o f  t h e  mesh p o i n t  a l o n g  t h e  
l i n e  o f  a c t i o n .  D e t a i l e d  a n a l y s e s  o f  t h e  t o o t h  mesh- 
i n g  s t i f f n e s s ,  s h a r e d  t o o t h  l o a d ,  and s t a t i c  t r a n s m i s -  
s i o n  e r r o r  o f  t h e  mesh ing  g e a r  p a i r  were p r e s e n t e d  i n  
p r e v i o u s  s t u d i e s  ( 9 . 1 0 ) .  
F i g u r e  2 p r e s e n t s  a f l o w c h a r t  of t h e  g e n e r a l i z e d  
c o m p u t a t i o n a l  p r o c e d u r e  f o r  t h e  s o l u t i o n  o f  t h e  gove rn -  
i n g  d i f f e r e n t i a l  e q u a t i o n s .  The e q u a t i o n s  were l i n e a r -  
i z e d  b y  d i v i d i n g  t h e  mesh p e r i o d  i n t o  s m a l l  i n t e r v a l s .  
A c o n s t a n t  i n p u t  t o r q u e  TM was assumed. The o u t p u t  
t o r q u e  TL was c o n s i d e r e d  t o  f l u c t u a t e  as a r e s u l t  o f  
t i m e - v a r y i n g  s t i f f n e s s ,  f r i c t i o n ,  and damping i n  t h e  
mesh. 
TO s t a r t  t h e  s o l u t i o n  i t e r a t i o n  p r o c e s s ,  i n i t i a l  
v a l u e s  o f  t h e  a n g u l a r  d i s p l a c e m e n t s  were o b t a i n e d  b y  
p r e l o a d i n g  t h e  i n p u t  s h a f t  w i t h  t h e  n o m i n a l  t o r q u e  
c a r r i e d  b y  t h e  sys tem.  I n i t i a l  v a l u e s  o f  t h e  a n g u l a r  
speed were t a k e n  from t h e  n o m i n a l  sys tem o p e r a t i n g  
speed.  
c u l a t e d  v a l u e s  o f  t h e  a n g u l a r  d i s p l a c e m e n t  and speed 
a f t e r  one  mesh p e r i o d  were compared w i t h  t h e  assumed 
i n i t i a l  v a l u e s .  U n l e s s  t h e  d i f f e r e n c e s  between them 
were s m a l l e r  t h a n  a p r e s e t  t o l e r a n c e ,  t h e  p r o c e d u r e  
was r e p e a t e d  u s i n g  t h e  a v e r a g e  o f  t h e  i n i t i a l  and c a l -  
c u l a t e d  v a l u e s  as  new i n i t i a l  c o n d i t i o n s .  More com- 
p l e t e  d e s c r i p t i o n s  o f  t h i s  me thod  may be f o u n d  i n  
Refs.  9 and 10 and  s i m i l a r  work  appears  i n  R e f s .  4 .  6 
and  7 .  
The a n a l y s i s  was a p p l i e d  to  a sample s e t  o f  g e a r s  
as s p e c i f i e d  i n  T a b l e  I .  These a r e  i d e n t i c a l  low- 
c o n t a c t - r a t i o  s p u r  g e a r s  w i t h  s o l i d  g e a r  b o d i e s .  The 
number o f  t e e t h  i s  28 and t h e  modu le  i s  3 .18 mm. Face 
w i d t h  i s  2 5 . 4  mm w i t h  a d e s i g n  l o a d  of 350 000 N/m 
( 2 0 0 0  l b / i n ) .  The g e a r  mesh t h e o r e t i c a l  c o n t a c t  r a t i o  
i s  1 .64.  A t y p i c a l  g e a r  t o o t h  show ing  b o t h  t h e  unmod- 
i f i e d  ( t r u e  i n v o l u t e )  and  m o d i f i e d  p r o f i l e s  i s  i l l u s -  
t r a t e d  i n  F i g .  3 ( a ) .  A sample p r o f i l e  m o d i f i c a t i o n  
c h a r t  i s  shown i n  F i g .  3 ( b ) .  On t h e  c h a r t ,  a s t r a i g h t  
l i n e  r e p r e s e n t s  a l i n e a r  t o o t h  p r o f i l e  m o d i f i c a t i o n  and 
a p a r a b o l i c  l i n e  r e p r e s e n t s  a p a r a b o l i c  m o d i f i c a t i o n .  
I n  t h i s  s t u d y ,  t h e  same amount and t h e  same 
l e n g t h  o f  p r o f i l e  m o d i f i c a t i o n s  were a p p l i e d  t o  t h e  
t o o t h  t i p  of b o t h  p i n i o n  and  g e a r .  The minimum amount 
of c o n v e n t i o n a l  t i p  r e l i e f  was chosen  as a r e f e r e n c e  
v a l u e  t o  n o r m a l i z e  t h e  amount  o f  p r o f i l e  m o d i f i c a t i o n .  
Hence,  f o r  t h e  minimum amount  o f  c o n v e n t i o n a l  t i p  
r e l i e f ,  A = 1.00. We lbourn  s t a t e d  t h a t  t h e  minimum 
t i p  r e l i e f  s h o u l d  be e q u a l  t o  t w i c e  t h e  maximum spac- 
i n g  e r r o r  p l u s  t h e  combined tooth d e f l e c t i o n  e v a l u a t e d  
a t  t h e  h i g h e s t  p o i n t  of s i n g l e  t o o t h  c o n t a c t  (HPSTC) 
The i t e r a t i v e  - p r o c e d u r e  was as f o l l o w s :  t h e  c a l -  
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( 1 5 ) .  The l e n g t h  o f  p r o f i l e  m o d i f i c a t i o n  i s  d e s i g n a t e d  
L,. 
t i p  t o  t h e  HPSTC i s  d e f i n e d  t o  be o f  u n i t  l e n g t h .  
v a l u e s  o f  A and Ln can  be v a r i e d  a r b i t r a r i l y  t o  
o b t a i n  a n y  d e s i r e d  c o m b i n a t i o n s  
F i g u r e  3 ( b )  shows examp les  o f  l i n e a r  and p a r a b o l i c  
p r o f i l e  m o d i f i c a t i o n s .  I n  b o t h  cases t h e  amount of 
m o d i f i c a t i o n  A = 1.00, and  t h e  m o d i f i c a t i o n  l e n g t h  
L n  = 1 .00 .  A l t h o u g h  t h e  l e n g t h  of m o d i f i c a t i o n  I S  
shown as  a v e r t i c a l  d i s t a n c e  p a r a l l e l  t o  t h e  t o o t h  
a x i s  i n  F i g .  3 ( a ) ,  i t  i s  a c t u a l l y  d e f i n e d  i n  t e r m s  o f  
t h e  g e a r  r o l l  a n g l e  as  s p e c i f i e d  i n  F i g .  3 ( b ) .  
RESULTS AND DISCUSSION 
The d i s t a n c e  a l o n g  t h e  t o o t h  p r o f i l e  from t o o t h  
The 
F i g u r e s  4 and  5 show t h e  c o m p a r i s o n  o f  t h e  s t a t i c  
t r a n s m i s s i o n  e r r o r s  and  s h a r e d  t o o t h  l o a d s  f o r  unmodi- 
f i e d  g e i r s  and t h o s e  w i t h  l i n e a r  and p a r a b o l i c  tooth 
p r o f i l e  m o d i f i c a t i o n s .  The n o r m a l i z e d  m o d i f i c a t i o n  
l e n g t h  Ln was s e t  a t  1 . 0 ,  w h i c h  means t h e  t i p  r e l i e f  
e x t e n d e d  from t o o t h  t i p  t o  t h e  HPSTC l o c a t i o n .  The 
m o d i f i c a t i o n  amount v a r i e d  from A = 0.50 t o  A = 1 .25  
a t  an i n c r e m e n t  o f  0 .25 .  When t h e  amount o f  p r o f i l e  
m o d i f i c a t i o n  was l e s s  t h a n  or  e q u a l  t o  t h e  minimum 
c o n v e n t i o n a l  t i p  r e l i e f ,  ( A  5 = 1 . 0 0 ) ,  t h e  l e n g t h  of 
s i n g l e  and  d o u b l e  c o n t a c t  zones  as shown o n  t h e  s t a t i c  
t r a n s m i s s i o n  e r r o r  g r a p h s  were n o t  changed and t h e  con- 
t a c t  r a t i o  r e m a i n e d  a t  1 .64 .  When an e x c e s s i v e  modi -  
f i c a t i o n  amount ( f o r  examp le ,  A = 1 .25 )  was a p p l i e d  on 
t h e  t o o t h  p r o f i l e  t h e  zone  o f  d o u b l e  t o o t h  c o n t a c t  
s h o r t e n e d  and  g e a r  c o n t a c t  r a t i o  was r e d u c e d  ( t o  
a p p r o x i m a t e l y  1 .53  fo r  t h i s  c a s e ) .  
t i o n  i s  t h e  u n s t e a d y  component  o f  t h e  r e l a t i v e  a n g u l a r  
m o t i o n  of m e s h i n g  g e a r s  due t o  t h e  v a r i a t i o n  o f  s t a t i c  
t r a n s m i s s i o n  e r r o r .  (The s t e a d y  p a r t  o f  t r a n s m i s s i o n  
e r r o r  w h i c h  i s  due t o  g e a r  body  "w indup"  does n o t  
cause  e x c i t a t i o n . )  The m a i n  p u r p o s e  o f  p r o f i l e  modi -  
f i c a t i o n  i s  t o  m i n i m i z e  t h i s  v a r i a t i o n .  A c o m p a r i s o n  
of t h e  c o n v e n t i o n a l  t i p  r e l i e f  c u r v e s  ( A  = 1.0, 
L n  = 1.0) i n  t h e  s t a t i c  t r a n s m i s s i o n  e r r o r  p l o t s  o f  
F i g s .  4 and 5 shows t h a t  t h e  l i n e a r  p r o f i l e  m o d i f i c a -  
t i o n  c u r v e  i s  smoother  t h a n  t h e  one  w i t h  p a r a b o l i c  
m o d i f i c a t i o n .  T h i s  i n d i c a t e s  t h a t  i f  t h e  c o n v e n t i o n a l  
amount and  l e n g t h  of t i p  r e l i e f  i s  used ,  a s p u r  g e a r  
sys tem w i t h  l i n e a r  p r o f i l e  m o d i f i c a t i o n  i s  e x p e c t e d  to  
p r o v i d e  a smoo the r  dynamic r e s p o n s e  t h a n  g e a r s  w i t h  
p a r a b o l i c  m o d i f i c a t i o n .  
l o a d  f a c t o r  for g e a r s  w i t h  n o  t i p  r e l i e f  ( u n m o d i f i e d ) .  
and g e a r s  w i t h  l i n e a r  and p a r a b o l i c  t o o t h  p r o f i l e  mod- 
i f i c a t i o n s  ( c o n v e n t i o n a l  m o d i f i c a t i o n  amount and 
l e n g t h :  A = 1.0,  L n  = 1 . 0 ) .  The dynamic l o a d  f a c t o r  
i s  d e f i n e d  as  t h e  r a t i o  of maximum dynamic t o o t h  l o a d  
d u r i n g  c o n t a c t  to  s t a t i c  t o o t h  l o a d .  The p r i m a r y  r e s -  
onance f o r  t h e s e  cases  o c c u r s  n e a r  f u n d a m e n t a l  sys tem 
n a t u r a l  f r e q u e n c y  11.280 rpm. A J a c o b i  i t e r a t i o n  
t e c h n i q u e  was ( 1 6 )  used  t o  d e t e r m i n e  t h e  s y s t e m  n a t u -  
r a l  f r e q u e n c i e s .  The peak  v a l u e  fo r  t h e  u n m o d i f i e d  
case  was a b o u t  2 .18 .  Peak v a l u e s  for  t h e  l i n e a r  and  
p a r a b o l i c  cases  were a p p r o x i m a t e l y  1 .30,  and 1 .40  
r e s p e c t i v e l y .  As above ,  t h e  l i n e a r  t i p  r e l i e f  y i e l d s  
t h e  s m o o t h e s t  r e s p o n s e .  
To u n d e r s t a n d  t h e  d e t a i l e d  e f f e c t  o f  t o o t h  p r o -  
f i l e  m o d i f i c a t i o n  on t h e  dynamic  b e h a v i o u r  o f  a s p u r  
g e a r  t r a n s m i s s i o n ,  t h e  amount ( A )  and l e n g t h  ( L n )  were 
v a r i e d  s y s t e m a t i c a l l y .  F i r s t ,  t h e  e f f e c t  o f  l i n e a r  
t o o t h  p r o f i l e  m o d i f i c a t i o n  o n  t h e  dynamics  o f  t h e  Sam- 
p l e  g e a r s  was i n v e s t i g a t e d .  F i g u r e  7 shows t h e  speed 
sweep o f  dynamic  l o a d  f a c t o r  fo r  t h e  sample g e a r  sys-  
t em w i t h  l i n e a r  t o o t h  p r o f i l e  m o d i f i c a t i o n  r u n n i n g  a t  
d e s i g n  l o a d .  The n o r m a l i z e d  l e n g t h  was Ln = 1 .00  and 
t h e  amount was v a r i e d  f rom A = 0 .75  t o  A = 1 . 2 5 .  
The p r i n c i p a l  e x c i t a t i o n  f o r  g e a r  s y s t e m  v i b r a -  . 
F i g u r e  6 shows a speed sweep p l o t  o f  t h e  dynamic 
The dynamic r e s p o n s e  of a u n m o d i f i e d  g e a r  p a i r  i s  a l s o  
shown for  Compar i son .  A s  e x p e c t e d ,  t h e  peak  dynamic 
l o a d  f a c t o r  a t  r e s o n a n c e  speed i s  min imum a t  A = 1.0 
and  L, = 1 . 0 .  The maximum dynamic  e f f e c t  a t  
A = 0 .75  was l e s s  t h a n  t h a t  a t  A = 1 .25 .  T h i s  r e s u l t  
was a n t i c i p a t e d  i n  F i g .  4 ( a )  where t h e r e  i s  l e s s  v a r i -  
a t i o n  i n  t h e  s t a t i c  t r a n s m i s s i o n  e r r o r  c u r v e  a t  
A = 0 . 7 5  t h a n  a t  A = 1.25.  T h i s  l a s t  r e s u l t  s u g g e s t s  
t h a t  t h e r e  i s  a g r e a t e r  d e t r i m e n t a l  e f f e c t  o f  excess  
p r o f i l e  m o d i f i c d t i o n  t h a n  o f  u n d e r  m o d i f i c a t i o n .  
Excess p r o f i l e  m o d i f i c a t i o n  r e d u c e s  t h e  c o n t a c t  r a t i o  
w h i c h  i n c r e a s e s  t h e  dynamic  l o a d .  
F i g u r e  8 shows t h e  e f f e c t  o f  v a r y i n g  l o a d  o n  t h e  
dynamic  r e s p o n s e  o f  t h e  sample g e a r  s e t  w i t h  conven-  
t i o n a l  l i n e a r  t i p  r e l i e f  ( A  = 1 . 0 ,  Ln 1 . 0 ) .  I n  
F i g .  8 ( a ) ,  t h e  # a p p l i e d  l o a d  was n o r m a l i z e d  u s i n g  t h e  
d e s i g n  l o a d  ( 3 5 0  000 N/m) as  t h e  r e f e r e n c e  v a l u e .  
( I e :  Wn = 1 .00  when t h e  a p p l e d  l o a d  e q u a l s  t h e  d e s i g n  
l o a d . )  A t  d e s i g n  l o a d  (Wn = 1.00). t h e  v a l u e  o f  t h e  
peak  dynamic f a c t o r  i s  1 .30 .  T h i s  i s  t h e  minimum 
dynamic f a c t o r  f o u n d .  As t h e  a p p l i e d  l o a d  v a r i e s  from 
t h e  d e s i g n  l o a d ,  t h e  maximum dynamic  l o a d  f a c t o r  
i n c r e a s e s  from t h i s  v a l u e .  From F i g .  8 ,  l o a d  f a c t o r  
c u r v e s  a r e  shown a t  n o r m a l i z e d  a p p l i e d  l o a d  v a l u e s  
(Wn) o f  0 .6 ,  0.8,  1 .0 ,  and  1 . 2 .  The c o r r e s p o n d i n g  
peak  v a l u e s  o f  dynamic  l o a d  f a c t o r  a r e  a p p r o x i m a t e l y  
2 . 4 7 ,  1 .82 ,  1 .30 ,  and 1 . 4 5 .  These c u r v e s  a l s o  show 
t h a t  u n d e r l o a d  (W, t l . 0 )  p r o d u c e s  a g r e a t e r  dynamic 
l o a d  f a c t o r  t h a q  o v e r l o a d  ( W n  > l . O ) .  F i n a l l y ,  t h e  
dynamic l o a d  f a c t o r  c u r v e  o f  an u n m o d i f i e d  ( i n v o l u t e )  
g e a r  p a i r  under  d e s i g n  l o a d  i s  shown fo r  c o m p a r i s o n .  
The peak dynamic l o a d  v a l u e  f o r  u n m o d i f i e d  i n v o l u t e  
g e a r s  i s  2 . 1 8 .  
To o b t a i n  a more r e a l i s t i c  f e e l i n g  o f  t h e  a c t u a l  
dynamic l o a d i n g  o n  t h e  g e a r  t o o t h  and t o  p r e v e n t  m i s -  
l e a d i n g  i n t e r p r e t a t i o n ,  t h e  speed sweep c u r v e s  of 
F i g .  8 t a )  were r e p l o t t e d  t o  show t h e  a c t u a l  t o o t h  l o a d  
i n  F i g .  8 ( b ) .  The s m a l l e s t  peak v a l u e  o f  t h e  dynamic 
t o o t h  l o a d  o c c u r s  f o r  t h e  d e s i g n  l o a d  case  (Wn = 1 . 0 ) .  
B o t h  u n d e r l o a d  and  o v e r l o a d  cases  show h i g h e r  v a l u e s  
o f  peak l o a d .  From t h e  c u r v e s ,  maximum dynamic l o a d  
v a l u e s  f o u n d  a r e  518,700 N/m, 510,000 N/m, 455,000 N / m ,  
and 609,000 N / m  for  W, = 0.60, 0 . 8 0 ,  1.00, and 1 . 2 0  
r e s p e c t i v e l y .  The d e t r i m e n t a l  e f f e c t  o f  o p e r a t i n g  
g e a r s  a t  a l o a d  s u b s t a n t i a l l y  l o w e r  t h a n  t h e  d e s i g n  
l o a d  and a t  t h e  r e s o n a n t  speed was c l e a r l y  d e m o n s t r a t e d .  
For a t  Wn = 0.60, t h e  peak  dynamic  t o o t h  l o a d  was 
a c t u a l l y  g r e a t e r  t h a n  t h a t  a t  W n . =  0.80 and Wn = 1 . 0 0 .  
Once a g a i n ,  t he  c u r v e  f o r  u n m o d i f l e d  i n v o l u t e  g e a r s  
r u n n i n g  a t  W, = 1 . 0  i s  shown fo r  c o m p a r i s o n .  The 
b e n e f i t  o f  gear t o o t h  p r o f i l e  m o d i f i c a t i o n  can  be seen 
b y  c o m p a r i n g  t h e  dynamic  t o o t h  l o a d s  o f  m o d i f i e d  and 
u n m o d i f i e d  g e a r s .  
S i m i l a r  s t u d i e s  were p e r f o r m e d  o n  t h e  sample 
g e a r s  w i t h  p a r a b o l i c  t o o t h  p r o f i l e  m o d i f i c a t i o n s .  The 
r e s u l t s  a r e  p r e s e n t e d  i n  F i g s .  9 and 10. U n l i k e  t h e  
l i n e a r  m o d i f i c a t i o n  case ,  t h e  minimum dynamic  r e s p o n s e  
o f  g e a r s  w i t h  p a r a b o l i c  p r o f i l e  m o d i f i c a t i o n s  w i t h  
Ln = 1 . 0 0  occui -ed a t  A = 1 . 0 .  
T h i s  can be e x p l a i n e d  b y  c o m p a r i n g  t h e  s t a t i c  t r a n s -  
m i s s i o n  e r r o r  c u r v e s  o f  t h e s e  two cases i n  F i g .  5 ( a ) .  
A t  L, = 1 .00 ,  t h e  e r r o r  c u r v e  f o r  A = 1 .25  i s  
smoo the r  t h a n  t h a t  f o r  A = 1 . 0 .  T h i s  means g e a r s  
w i th  p a r a b o l i c  t o o t h  p r o f i l e  m o d i f i c a t i o n s  r e q u i r e  a 
g r e a t e r  amount o f  m o d i f i c a t i o n  t h a n  g e a r s  w i t h  l i n e a r  
p r o f i l e  m o d i f i c a t i o n s .  
F i g u r e  10 shows t h e  dynamic r e s p o n s e  c u r v e s  of 
g e a r  p a i r s  m o d i f i e d  w i t h  p a r a b o l i c  t i p  r e l i e f  a t  
A = 1 . 0 0  and The 
c u r v e  a t  Wn = 0.8 h a d  t h e  l o w e s t  peak  v a l u e .  
t o  t h e  l i n e a r  c a s e ,  g e a r s  w i t h  p a r a b o l i c  m o d i f i c a t i o n s  
r u n  more s m o o t h l y  a t  u n d e r l o a d  t h a n  a t  d e s i g n  l o a d .  
A = 1 . 2 5  i n s t e a d  of a t  
L, = 1 . 0  f o r  v a r i o u s  a p p l i e d  l o a d s .  
C o n t r a r y  
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From t h e  above o b s e r v a t i o n ,  one may c o n c l u d e  t h a t  
f o r  c o n v e n t i o n a l  amount and l e n g t h  o f  p r o f i l e  m o d i f i -  
c a t i o n  ( A  = 1.00 and Ln = 1 .00 ) ,  l i n e a r  p r o f i l e  modi- 
f i c a t i o n  s h o u l d  be used  f o r  g e a r s  w h i c h  w i l l  o p e r a t e  
a t  and above d e s i g n  l o a d ,  and p a r a b o l i c  p r o f i l e  mod i -  
f i c a t i o n  s h o u l d  be a p p l i e d  t o  g e a r s  o p e r a t i n g  b e l o w  
d e s i g n  l o a d ,  t o  m i n i m i z e  dynamic e f f e c t .  
The v a r i o u s  e f f e c t s  o f  a p p l i e d  l o a d ,  p r o f i l e  mod- 
i f i c a t i o n  l e n g t h ,  and p r o f i l e  m o d i f i c a t i o n  amount on 
t h e  n o r m a l i z e d  maximum dynamic l o a d  o f  s p u r  g e a r s  w i t h  
e i t h e r  l i n e a r  or p a r a b o l i c  t o o t h  p r o f i l e  m o d i f i c a t i o n s  
were f u r t h e r  i n v e s t i g a t e d .  The n o r a m l i z e d  maximum 
dynamic l o a d  i s  d e f i n e d  as t h e  p r o d u c t  o f  t h e  maximum 
dynamic l o a d  f a c t o r  (MDLF) and t h e  n o r m a l i z e d  t o t a l  
t r a n s m i t t e d  l o a d  (Wn). T h i s  n o r m a l i z e d  m a g n i t u d e  o f  
t h e  maximum dynamic l o a d  i n  t h e  g e a r  mesh p r o v i d e s  
b e t t e r  c o m p a r i s o n  o f  g e a r  dynamics  a t  d i f f e r e n t  
a p p l i e d  l o a d s .  M u l t i p l y i n g  t h i s  n o r m a l i z e d  v a l u e  b y  
t h e  d e s i g n  l o a d  g i v e s  t h e  a c t u a l  g e a r  dynamic  l o a d .  
F i r s t ,  a c o n s t a n t  m o d i f i c a t i o n  l e n g t h  o f  
Ln = 1 . 0 0  was assumed, and  t h r e e  d i f f e r e n t  m o d i f i c a -  
t i o n  amounts o f  A = 0 .75 ,  1 .00 ,  and 1 .25  were 
a p p l i e d  t o  t h e  sample g e a r s .  I n  F i g .  11 a r e  p l o t t e d  
c u r v e s  o f  t h e  n o r m a l i z e d  maximum dynamic l o a d  o v e r  
t h e  l o a d  r a n g e  o f  0 . 7 0  t o  1 .20  t i m e s  t h e  d e s i g n  l o a d  
(Wn). F o r  t h e  l i n e a r  m o d i f i c a t i o n  case ,  shown i n  
F i g .  l l ( a ) ,  t h e  n o r m a l i z e d  maximum dynamic l o a d  r e a c h e s  
a minimum v a l u e  a t  0 .76  Wn o n  t h e  A = 0.75 c u r v e  
and  a t  1.00 Wn on t h e  A = 1 .00  c u r v e .  The minimum 
o f  t h e  A = 1 .25  c u r v e  a p p a r e n t l y  o c c u r s  a t  a l o a d  
g r e a t e r  t h a n  1.2 Wn and i s  t h e r e f o r e  o f f  t h e  s c a l e  
o f  F i g .  l l ( a ) .  The n o r m a l i z e d  maximum dynamic l o a d  
a p p e a r s  t o  be more s e n s i t i v e  to  l o a d  change fo r  o v e r -  
l o a d  t h a n  for u n d e r l o a d .  
t h e  p a r a b o l i c  m o d i f i c a t i o n  case .  On t h e  c u r v e s  f o r  
A = 0 .75  and A = 1 .00 ,  t h e  minimum dynamic e f f e c t  
o c c u r s  a t  a l o a d  l e s s  t h a n  Wn = 0 . 7 0  and t h u s  o f f  t h e  
s c a l e  o f  F i g .  l l ( b ) .  On t h e  c u r v e  for  A = 1.25,  t h e  
minimum o c c u r s  a t  a p p r o x i m a t e l y  0 . 7 2  Wn. 
Compar ing  t h e  c u r v e s  i n  F i g s .  l l ( a )  and  ( b )  shows 
t h a t  t h e  g e a r s  w i t h  p a r a b o l i c  t i p  r e l i e f  a r e  much l e s s  
s e n s i t i v e  t o  changes i n  t h e  amount o f  t i p  r e l i e f  t h a n  
g e a r s  w i t h  l i n e a r  t i p  r e l i e f .  T h e r e f o r e ,  i t  i s  
e x p e c t e d  t h a t  t h e  dynamics  o f  p a r a b o l i c  t i p  r e l i e v e d  
g e a r s  w o u l d  be l e s s  a f f e c t e d  b y  m a n u f a c t u r i n g  t o l e r -  
ances and m a c h i n i n g  e r r o r s .  I n  a d d i t i o n ,  t h e  n o r m a l -  
i z e d  maximum dynamic l o a d  for  g e a r s  w i t h  p a r a b o l i c  
r e l i e f  a p p e a r s  to  be g e n e r a l l y  l o w e r  t h a n  f o r  g e a r s  
w i t h  l i n e a r  r e l i e f  o v e r  t h e  l o a d  r a n g e  o f  W n  = 0 . 7  to 
1.2 ( u n d e r l o a d  to  o v e r l o a d ) .  T h i s  means t h a t  p a r a b o l i c  
t i p  r e l i e f  i s  c l e a r l y  a b e t t e r  c h o i c e  t h a n  l i n e a r  t i p  
r e l i e f  f o r  g e a r s  t h a t  m u s t  o p e r a t e  o v e r  a w i d e  r a n g e  
o f  l o a d s .  
The e f f e c t  o f  d i f f e r e n t  amounts o f  p r o f i l e  mod i -  
f i c a t i o n  o n  t h e  n o r m a l i z e d  maximum dynamic l o a d  o f  
g e a r s ,  a t  v a r i o u s  a p p l i e d  l o a d s  i n  t h e  r a n g e  o f  
W, = 0 . 7  t o  Wn = 1 . 2 .  i s  shown i n  F i g .  12 .  A s  i n  t h e  
p r e v i o u s  f i g u r e ,  t h e  l e n g t h  o f  t h e  m o d i f i c a t i o n  zone 
was h e l d  c o n s t a n t  a t  Ln = 1.00. F i g u r e  1 2 ( a )  shows 
t h e  c u r v e s  f o r  g e a r s  w i th  l i n e a r  m o d i f i c a t i o n s ,  and  
F i g .  12 (b )  f o r  t h o s e  w i t h  p a r a b o l i c  m o d i f i c a t i o n s .  
The op t imum amount o f  p r o f i l e  m o d i f i c a t i o n  f o r  g e a r s  
o p e r a t i n g  a t  e i t h e r  a s i n g l e  l o a d  or o v e r  a r a n g e  o f  
l o a d s  can  be e s t i m a t e d  from t h e  minimum p o i n t s  o n  
t h e s e  c u r v e s .  F o r  t h e  l i n e a r  m o d i f i c a t i o n  case ,  
A = 1.00 i s  op t imum fo r  g e a r s  o p e r a t i n g  a t  t h e  d e s i g n  
l o a d  ( c o n s t a n t  Wn = 1.0). I f  t h e  g e a r s  o p e r a t e  o v e r  
a r a n g e  o f  l o a d s ,  t h e  op t imum amount o f  m o d i f i c a t i o n  
i s  f o u n d  from t h e  i n t e r s e c t i o n  o f  t h e  c u r v e s  for t h e  
h i g h e s t  and l o w e s t  l o a d s  o f  t h e  r a n g e .  T h e r e f o r e ,  f o r  
l o a d s  r a n g i n g  from Wn = 0 .7  t o  W, = 1 .0 ,  t h e  op t imum 
m o d i f i c a t i o n  o c c u r s  a t  A = 0 .92  w h i c h  c o r r e s p o n d s  t o  
F i g u r e  l l ( b )  p r e s e n t s  t h e  dynamic l o a d  d a t a  fo r  
t h e  i n t e r s e c t i o n  o f  t h e  
i n  F i g .  1 2 ( a ) .  L i k e w i s e ,  A = 1 .18  i s  op t imum fo r  
g e a r s  t h a t  o p e r a t e  from Wn = 0 . 7  t o  Wn = 1 .2 .  F o r  
t h e  p a r a b o l i c  m o d i f i c a t i o n  case ,  i t  appears  t h a t  
A = 1 .25  i s  t h e  op t imum amount f o r  g e a r s  o p e r a t i n g  
from W n  = 0 . 7  t o  e i t h e r  Wn = 1 . 0  or Wn = 1 .2 .  A S  
n o t e d  above i n  t h e  d i s c u s s i o n  fo r  F i g .  1 1 ,  t h e  dynamic 
r e s p o n s e  o f  p a r a b o l i c a l l y  m o d i f i e d  g e a r s  i s  l e s s  
a f f e c t e d  b y  t h e  changes i n  t h e  amount o f  p r o f i l e  mod i -  
f i c a t i o n  t h a n  a r e  g e a r s  w i t h  l i n e a r  m o d i f i c a t i o n .  
m o d i f i c a t i o n  o n  s p u r  g e a r  dynamic r e s p o n s e  was i n v e s -  
t i g a t e d  and  i s  shown i n  F i g .  13. The m o d i f i c a t i o n  
amount was h e l d  c o n s t a n t  a t  A = 1 .00 .  The l e n g t h  o f  
m o d i f i c a t i o n  zone was v a r i e d  from Ln = 0.50 t o  1 .30  
and  maximum dynamic  l o a d  c u r v e s  were g e n e r a t e d  f o r  
s e v e r a l  v a l u e s  o f  a p p l i e d  l o a d  (Wn). The min imum 
dynamic r e s p o n s e  f o r  g e a r s  w i t h  l i n e a r  t o o t h  p r o f i l e  
m o d i f i c a t i o n  o c c u r e d  a t  L, = 0 . 6 7 ,  0 .78 ,  1 . 0 0  r e s p e c -  
t i v e l y  f o r  Wn = 0 . 7 0 ,  0.80, and 1.00,  see F i g .  1 3 t a ) .  
S i n c e  g e a r s  se ldom o p e r a t e  a t  a c o n s t a n t  l o a d  i n  t h e i r  
d a i l y  o p e r a t i o n  a method mus t  be f o u n d  t o  choose  p r o -  
f i l e  m o d i f i c a t i o n  s p e c i f i c a t i o n s  fo r  t h e  s e l e c t e d  
d e s i g n  l o a d  r a n g e .  F o r  t h e  l o a d  r a n g e  o f  0 . 7 0  t o  1 . 0 0  
of d e s i g n  l o a d  ( 0 . 7  < Wn < 1 . 0 ) ,  an op t imum l e n g t h  f o r  
l i n e a r  t o o t h  p r o f i l e  m o d i f i c a t i o n  i s  Ln = 0 .90 .  T h i s  
v a l u e  i s  o b t a i n e d  from t h e  i n t e r s e c t i o n  p o i n t  o f  t h e  
Wn Wn = 1 . 0 0  c u r v e s  from t h e  n o r m a l i z e d  
maximum dynamic  l o a d  c u r v e s  i n  F i g .  1 3 ( a ) .  Any mod i -  
f i c a t i o n  l e n g t h  o t h e r  t h a n  t h i s  w o u l d  y i e l d  l e s s  
d e s i r a b l e  h i g h e r  dynamic e f f e c t  u n d e r  t h i s  r a n g e  o f  
l o a d s .  
A s i m i l a r  s t u d y  for  p a r a b o l i c  t o o t h  p r o f i l e  modi -  
f i c a t i o n  i s  shown i n  F i g .  1 3 ( b ) .  The a p p l i e d  l o a d  was 
v a r i e d  from 0.70 t o  1 . 2 0  o f  d e s i g n  l o a d .  
w i d e r  l o a d  r a n g e  t h a n  used  fo r  t h e  l i n e a r  case  above,  
s i n c e  we have shown t h a t  g e a r s  w i t h  p a r a b o l i c  m o d i f i -  
c a t i o n s  a r e  s u i t a b l e  for  a w i d e r  l o a d  r a n g e . )  
op t imum l e n g t h  o f  m o d i f i c a t i o n  f o r  minimum dynamic 
r e s p o n s e  for g e a r s  o p e r a t i n g  o v e r  a r a n g e  o f  l o a d s  may 
be d e t e r m i n e d  from t h i s  f i g u r e .  F o r  examp le :  A t  con- 
s t a n t  d e s i g n  l o a d ,  (Wn = 1 . 0 ) .  t h e  op t imum l e n g t h  o f  
m o d i f i c a t i o n  i s  Ln = 1 .30 .  F o r  o v e r l o a d  (W, > 1.0). 
t h e  c u r v e s  s u g g e s t  t h a t  t h e  op t imum l e n g t h  w i l l  be 
g r e a t e r  t h a n  1 .30  ( t h u s  e x t e n d i n g  beyond t h e  p i t c h  
p o i n t ) .  I n  t h i s  s t u d y ,  m o d i f i c a t i o n s  e x t e n d i n g  beyond 
t h e  p i t c h  p o i n t  were n o t  c o n s i d e r e d .  A s  a n o t h e r  
examp le ,  i f  t h e  o p e r a t i n g  l o a d  r a n g e  i s  Wn = 0.70 t o  
Wn = 1.00 ( u n d e r l o a d  t o  d e s i g n  l o a d ) ,  t h e  op t imum 
l e n g t h  i s  a p p r o x i m a t e l y  L, = 1.28 ( f o u n d  a t  t h e  
i n t e r s e c t i o n  of t h e  Wn = 0 . 7 0  and  Wn = 1.00 c u r v e s ) .  
F i n a l l y ,  f o r  a w i d e r  l o a d  r a n g e  o f  Wn = 0.70 t o  
Wn = 1 .20  ( u n d e r l o a d  t o  o v e r l o a d ) ,  t h e  l e n g t h  o f  modi -  
f i c a t i o n  i s  chosen  t o  be 1 .30  ( s i n c e  t h i s  s t u d y  does 
n o t  c o n s i d e r  m o d i f i c a t i o n  e x t e n d i n g  beyond t h e  p i t c h  
p o i n t ) .  I n  g e n e r a l ,  a l o n g e r  ( t h a n  1 . 0 )  l e n g t h  o f  
m o d i f i c a t i o n  zone seems t o  be p r e f e r r e d  f o r  p a r a b o l i c  
t o o t h  p r o f i l e  m o d i f i c a t i o n  s i n c e  i t  y i e l d s  l o w e r  
dynami c l o a d .  
A c o m p a r i s o n  of f i g u r e s  12 and 13 shows t h a t  t h e  
m o d i f i c a t i o n  l e n g t h  ( L n )  has a g r e a t e r  i m p a c t  o n  t h e  
maximum dynamic  l o a d  f a c t o r  t h a n  does t h e  amount o f  
m o d i f i c a t i o n  ( A ) .  T h e r e f o r e  t h e  l e n g t h  o f  m o d i f i c a -  
t i o n  s h o u l d  be c o n t r o l l e d  as c l o s e l y  as p o s s i b l e .  
N e v e r t h e l e s s ,  due t o  m a c h i n i n g  e r r o r s  and a l l o w a b l e  
t o l e r a n c e  i t  i s  n o t  p r a c t i c a l  t o  m a n u f a c t u r e  t o o t h  
p r o f i l e  m o d i f i c a t i o n s  e x a c t l y  as s p e c i f i e d  b y  t h e  
t h e o r y .  I n  r e a l i t y ,  a m o d i f i e d  t o o t h  p r o f i l e  d e v i -  
a t e s  somewhat from t h e  i d e a l  s p e c i f i c a t i o n .  A s  d i s -  
c u s s e d  e a r l i e r ,  p a r a b o l i c  p r o f i l e  m o d i f i c a t i o n  
a p p e a r s  t o  be l e s s  s e n s i t i v e  t o  m a n u f a c t u r i n g  v a r i -  
ance  and i s  t h e r e f o r e  p r e f e r r e d  t o  l i n e a r  p r o f i l e  
m o d i f i c a t i o n .  
Wn = 0.7 and Wn = 1 . 0  c u r v e s  
F i n a l l y ,  t h e  e f f e c t  o f  l e n g t h  o f  t o o t h  p r o f i l e  
= 0 .70  and  
( T h i s  i s  a 
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As a n  examp le  of d e s i g n i n g  t h e  op t imum p a r a b o l i c  
t o o t h  p r o f i l e  fo r  a s p u r  g e a r  t r a n s m i s s i o n  o p e r a t i n g  
a t  a r a n g e  of l o a d s ,  c o n s i d e r  a g e a r s e t  w h i c h  o p e r a t e s  
o v e r  t h e  l o a d  r a n g e  between Wn = 0 . 7  and Wn = 1.2.  
S i n c e  t h e  dynamic  l o a d  i s  more s e n s i t i v e  t o  t h e  l e n g t h  
of m o d i f i c a t i o n  ( L n )  t h a n  t o  t h e  amount ( A ) ,  Ln i s  
chosen f i r s t .  From f i g u r e  13 (b )  t h e  op t imum l e n g t h  i s  
1 .30.  W i t h  t h e  l e n g t h  L, f i x e d  a t  t h i s  v a l u e ,  t h e  
op t imum amount o f  p r o f i l e  m o d i f i c a t i o n  can  be f o u n d  b y  
v a r y i n g  A o v e r  a s u i t a b l e  r a n g e  as shown i n  f i g u r e  1 4  
T h i s  f i g u r e  shows dynamic l o a d  c u r v e s  a t  a p p l i e d  l o a d s  
(Wn) of 0.7,  1.0, and 1.2 for  g e a r s  w i t h  m o d i f i c a t i o n  
l e n g t h  Ln = 1.30, and m o d i f i c a t i o n  amount v a r y i n g  
from A = 0 . 7 5  t o  A = 1.50.  The op t imum amount o f  
p r o f i l e  m o d i f i c a t i o n  i s  f o u n d  t o  be A = 1 .18 .  T h i s  
i s  t h e  i n t e r s e c t i o n  p o i n t  o f  t h e  Wn = 0 . 7  and t h e  
Wn = 1 .2  c u r v e s .  F o r  t h i s  examp le ,  t h e  worst case  
( h i g h e s t  v a l u e )  o f  n o r m a l i z e d  maximum dynamic  l o a d  
w i l l  be 1 .40 .  T h i s  i s  t h e  l o a d  c o r r e s p o n d i n g  t o  t h e  
e x t r e m e s  o f  t h e  r a n g e  o f  a p p l i e d  l o a d  ( a t  Wn = 0 . 7 0  
and  a t  W, = 1 . 2 0 ) .  
CONCLUSIONS 
A compu te r  s i m u l a t i o n  was c o n d u c t e d  t o  i n v e s t i -  
g a t e  t h e  e f f e c t s  o f  b o t h  l i n e a r  and p a r a b o l i c  t o o t h  
p r o f i l e  m o d i f i c a t i o n s  on t h e  dynamic r e s p o n s e  o f  low- 
c o n t a c t - r a t i o  s p u r  g e a r s .  The e f f e c t s  o f  t h e  t o t a l  
amount o f  m o d i f i c a t i o n  and  t h e  l e n g t h  of t h e  m o d i f i c a -  
t i o n  zone were s t u d i e d  a t  v a r i o u s  l o a d s  and speeds t o  
f i n d  o p t i m a l  (low dynamic r e s p o n s e )  s p e c i f i c a t i o n s  f o r  
p r o f i l e  m o d i f i c a t i o n .  The f o l l o w i n g  c o n c l u s i o n s  were 
o b t a i n e d :  
1 .  The amount and t y p e  of t o o t h  p r o f i l e  m o d i f i c a -  
t i o n s  have  a s i g n i f i c a n t  e f f e c t  o n  t h e  dynamic p e r -  
formance o f  s p u r  g e a r  s y s t e m s .  
2 .  P a r a b o l i c  t o o t h  p r o f i l e  m o d i f i c a t i o n  i s  g e n e r -  
a l l y  p r e f e r r e d  f o r  low dynamic r e s p o n s e  i n  g e a r s  w h i c h  
o p e r a t e  o v e r  a r a n g e  o f  l o a d i n g  c o n d i t i o n s .  These 
g e a r s  a r e  l e s s  s e n s i t i v e  t o  changes i n  a p p l i e d  l o a d ,  
amount o f  m o d i f i c a t i o n  and l e n g t h  o f  m o d i f i c a t i o n  t h a n  
a r e  g e a r s  w i t h  l i n e a r  p r o f i l e  m o d i f i c a t i o n s .  
3 .  Gears  w i t h  p a r a b o l i c  p r o f i l e  m o d i f i c a t i o n s  
r e q u i r e  a s l i g h t l y  l o n g e r  l e n g t h  o f  m o d i f i c a t i o n  zone 
t h a n  g e a r s  w i t h  l i n e a r  p r o f i l e  m o d i f i c a t i o n s .  The 
m o d i f i c a t i o n  zone may e x t e n d  beyond  t h e  h i g h e s t  p o i n t  
of s i n g l e  t o o t h  c o n t a c t .  
4. Gears w h i c h  o p e r a t e  a t  a n e a r l y  c o n s t a n t  l o a d  
a t  d e s i g n  l o a d  t o  m o d e r a t e  o v e r l o a d  w i l l  p e r f o r m  more 
q u i e t l y  ( u i t h  l e s s  dynamic e f f e c t )  i f  l i n e a r  p r o f i l e  
m o d i f i c a t i o n  i s  used .  
excess  m o d i f i c a t i o n  has a g r e a t e r  d e t r i m e n t a l  e f f e c t  
o n  dynamic l o a d s  t h a n  u n d e r  m o d i f i c a t i o n ,  and u n d e r -  
l o a d  causes  h i g h e r  dynamic e f f e c t  t h a n  o v e r l o a d .  
6. Over  a r a n g e  c o n s i d e r e d  i n  t h i s  r e p o r t ,  t h e  
l e n g t h  o f  m o d i f i c a t i o n  has a g r e a t e r  e f f e c t  o n  t h e  
dynamic r e s p o n s e  fo r  b o t h  l i n e a r  and p a r a b o l i c  p r o -  
f i l e  m o d i f i c a t i o n s  t h a n  does t h e  t o t a l  amount o f  
modi f i c a t  i o n .  
5 .  F o r  g e a r s  w i t h  l i n e a r  p r o f i l e  m o d i f i c a t i o n ,  
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TABLE I .  - GEAR DATA 
. n 
SHAFT 2 
Gear t o o t h  . . .  S tandard  i n v o l u t e  f u l l - d e p t h  t o o t h  
Module,  mm ( d i a m e t r i a l  p i t c h ,  i n . - l )  . . .  3.18 ( 8 )  
P ressu re  a n g l e ,  deg . . . . . . . . . . . . . .  20 
Number o f  t e e t h  . . . . . . . . . . . . . . . .  28 
Face w i d t h ,  mm ( i n . )  . . . . . . . . . .  2 5 . 4  ( 1 . 0 )  
Des ign  l o a d ,  N / m  ( l b / i n . )  . . . . .  350 000 (2000) 
T h e o r e t i c a l  c o n t a c t  r a t i o  . . . . . . . . . .  1 .64  
LOAD 
,"I 
/ I I 
(a )  A SIMPLE GEAR TRANSMISSION. 
CS1 c g  
(b)  SYMBOLIC MODEL. 
FIGURE 1. - COMPUTER MODEL OF SPUR GEAR SYSTEM. 
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I GEOMETRY OF SYSTEM COMPONENTS AND I CONDITIONS OF SYSTEM OPERATION 
CALCULATION OF DYNAMIC 
LOADS AND STRESSES 
CALCULATION OF TOOTH PROFILE, 
MESH STIFFNESS, INERTIAS, 
DAMPING, AND FRICTION 
CALCULATION OF 
INITIAL CONDITIONS 
CALCULATION OF DYNAMIC CONDITION 
FOR ONE PERIOD PER MESH 
ASSUMPTION OF NEW 
IN IT1 AL COND IT1 ON 
CONVERGENCE OF 
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TTRUE INVOLUTE TOOTH PROFILE 
i '  
\-AMOUNT OF PROFILE 
MODIFICATION, A 
MODIFIED PROFILE 
TOOTH CONTACT, LPSTC 
(a) GEAR TOOTH WITH MODIFIED TOOTH PROFILE. 
LINEAR 7 





1.6 1.2 .8 .4 0 
NORMALIZED LENGTH OF MODIFICATION, Ln 
b 1 SAMPLE TOOTH PROF I LE MOD IF I CAT I ON CHART. 
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(a )  STATIC TRANSMISSION ERROR, 
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ROLL ANGLE, DEG 
( b) SHARED TOOTH LOAD. 
FIGURE 4. - STATIC TRANSMISSION ERROR AND SHARED 
TOOTH LOAD FOR GEAR PAIRS WITH LINE:AR TOOTH PRO- 
F I L E  MODIFICATIONS. FULL DESIGN LOAD: LENGTH OF 
MODIFICATION, L, = 1.00. 
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ROLL ANGLE, DEG 
(b)  SHARED TOOTH LOAD. 
FIGURE 5. - STATIC TRANSMISSION ERROR AND SHARED 
TOOTH LOAD FOR GEAR PAIRS WITH PARABOLIC TOOTH 
PROFILE MODIFICATIONS. FULL DESIGN LOAD; 
LENGTH OF MODIFICATION, L, = 1.00. 
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2.5r AMOUNT OF NODI F I CATION, A 
.5 I I I I I 
0 3000 6000 9000 12 000 15 000 
SPEED. RPM 
FIGURE 7. - EFFECT OF VARYING AMOUNT OF LINEAR TOOTH 
PROFILE MODIFICATION ON DYNAMIC LOAD FACTOR OF 
SPUR GEAR PAIR. FULL DESIGN LOAD: LENGTH OF MODI- 
FICATION, Ln = 1.00 
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(b> TOTAL DYNAMIC TOOTH LOAD. 
0 L 
FIGURE 8. - EFFECT OF VARYING APPLIED LOAD ON DYNAMIC 
LOAD FACTOR AND TOTAL DYNAMIC LOAD OF SPUR GEAR 
PAIR. 
MODIFICATION. A = 1 .O.  
CONVENTIONAL LINEAR TIP RELIEF; LENGTH OF 
PROFILE MODIFICATION, Ln = 1.0; AMOUNT OF PROFILE 
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2 * 5  r AMOUNT OF MOD IF I CAT1 ON, A 
.- 
0 3000 6000 9000 12 000 15 000 
SPEED. RPM 
FIGURE 9.  - EFFECT OF VARYING AMOUNT OF PARABOLIC 
TOOTH PROFILE MODIFICATION ON DYNAMIC LOAD FAC- 
TOR OF SPUR GEAR PAIR. FULL DESIGN LOAD; LENGTH 
OF MODIFICATION, Ln = 1.00. 
* a 5  r NORMAL I ZED DESIGN LOAD, Wn 
.5 
0 3000 6000 9000 12 000 15 000 
SPEED, RPM 
FIGURE 10. - EFFECT OF VARYING APPLIED LOAD ON DYNAMIC 
LOAD FACTOR OF A SPUR GEAR PAIR. 
RELIEF; LENGTH OF PROFILE MODIFICATION, Ln = 1.0; 
AMOUNT OF PROFILE MODIFICATION, A = 1.0. (UNMODI- 
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<b> PARABOLIC PROFILE MODIFICATION. 
FIGURE 11. - EFFECT OF APPLIED LOAD ON NORMALIZED MAXIMUM 
DYNAMIC LOAD OF SAMPLE GEARS AT VARIOUS MODIFICATION 
AMOUNT. LENGTH OF PROFILE MODIFICATION. Ln = 1.00. 
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PROFILE MODIFICATION AMOUNT, A, % 
(b)  PARABOLIC PROFILE MODIFICATION. 
FIGURE 12. - EFFECT OF PROFILE MODIFICATION AMOUNT 
ON NORMALIZED MAXIMUM DYNAMIC LOAD OF SAMPLE 
GEARS AT VARIOUS APPLIED LOADS. LENGTH OF PRO- 
FILE RODIFICATION, L n  = 1.00. 
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PITCH LENGTH OF PROFILE MODIFICATION, Ln TOOTH 
PO I NT TIP 
(b)  PARABOLIC PROFILE MODIFICATION. 
FIGURE 13. - EFFECT OF LENGTH OF PROFILE MODIFICATION 
ON NORMALIZED MAXIMUM DYNAMIC LOAD OF SAMPLE GEARS 
AT VARIOUS APPLIED LOADS. AMOUNT OF PROFILE MODI- 
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FIGURE 14. - OPTIMUM PARABOLIC PROFILE MODIFICATION 
FOR SAMPLE GEARS OVER RANGE OF APPLIED LOADS. 
LENGTH OF PROFILE MODIFICATION, L" = 1.30. 
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